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ABSTRACT

Compared with conventional axisymmetric lenses, freeform surfaces provide more flexibility in designing optical
lenses and are expected to expand their demand in a wide range of fields, such as virtual and augmented reality
and space telescopes. Fast tool servo-based diamond turning is a promising method for machining ultra-precision
freeform surfaces. However, interpolation errors occur in machining programs generated with point cloud data,
resulting in large form errors, especially for large-size freeform surfaces. To solve this problem, this study pro-
poses a novel machining program that directly evaluates the optical design equation during machining, instead of
using conventional point cloud-based machining programs. This method continuously controls the tool position
to its ideal position at each control sampling point using two-variable polynomial calculations, thereby reducing
interpolation errors. The polynomial coefficients are corrected based on those of the original design equation by
considering the tool radius. The freeform surface machining results demonstrate that the proposed method
achieves a 75.7% reduction in RMS form error while replacing a point cloud consisting of 993,600 points with
only 20 polynomial coefficients. The proposed method also enables machining of multiple surfaces within a
single setup, further demonstrating the effectiveness of the proposed machining program. While the form ac-
curacy of the conventional method deteriorates in proportion to the surface curvature and distance from the
spindle rotation center, the proposed approach achieves high-precision machining regardless of variations in
such factors, distinctly outperforming the conventional bilinear interpolation method.

1. Introduction

(STS) and fast tool servo (FTS). STS moves a heavy machine table,
resulting in slow back-and-forth motion, although the stroke is long

The demand for optical elements with freeform surfaces has
increased significantly with recent developments in optical lenses [1-3].
Compared to conventional spherical and aspherical lenses, freeform
optical elements have high flexibility in optical design and can shorten
focal lengths with small aberrations [4-6]. These characteristics also
significantly contribute to the design flexibility of products that incor-
porate optical elements. In addition, although the demand for small
lenses, such as smartphone lenses, has been large in recent years, there
has also been a growing demand for large-diameter freeform lenses,
including lenses for HUDs, VR and AR headsets, and space telescopes
[7-9]. To meet these demands, it is necessary to develop machining
technologies that can process large freeform optical elements precisely
and efficiently.

Conventionally, ultra-precision diamond turning lathes have been
used for machining large-diameter freeform optical surfaces [10-12].
There are two types of diamond turning methods: the slow tool servo
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(hundreds of millimeters) [13,14]. In contrast, FTS can achieve fast tool
motion by installing a specialized lightweight tool motion unit on a
machine table [15,16]. However, the stroke of a conventional
piezoelectric-driven FTS is limited to a few micrometers. With the recent
development of FTS using voice coil motors, high-speed back-and-forth
motion can be precisely controlled over a stroke of a few millimeters
using an independent control system. Such newly developed FTS pro-
vides new possibilities for the processing of large-diameter freeform
surfaces [17-19].

Currently, FTS machining programs use point cloud data to define an
ideal surface form [20-22]. By defining the surface using point cloud
data, each point can be compensated according to the radius of the
round-nosed tool, enabling the machining of precise optical surfaces
with minimal form errors [12,23,24]. However, there is a limitation on
the number of point clouds that can be read depending on the machining
system; for example, up to one million points. For small-diameter
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Fig. 1. Overview of the differences in ideal surface definition between the conventional point cloud method and the proposed direct calculation method, and their

effects on the machined surface.

freeform surfaces, the error between the polygon surface defined by the
point cloud and actual design surface is acceptable. However, as the
freeform surface becomes larger, a large interpolation error occurs when
attempting to define the form with a limited amount of point cloud data,
and this large interpolation error causes an unacceptably large form
error in the machined surface. To avoid interpolation errors caused by a
limited number of points, many studies have been conducted on the
optimization of point cloud arrangements and interpolation methods
[25-27]. However, unless the fundamental problem of a limited number
of point clouds is eliminated, it is difficult to solve this issue completely.

This study proposes a novel method to solve the problem of point
cloud data limitations in independently controlled FTS-based diamond
turning. Unlike conventional machining programs written using nu-
merical control (NC) code, in this study, the independently controlled
FTS was operated using a program that calculated the corresponding
tool position from the input coordinate information of each axis of the
base machine based on a two-variable polynomial. To apply tool radius
compensation to a machining program, this study proposes a novel
compensation method that corrects the coefficients of the design equa-
tion according to the tool radius. By utilizing the proposed coefficient
correction method, a machining program that calculates the optical
design equation in real time during machining was developed to effec-
tively addresses the problem of large volumes of point cloud data
required by conventional methods, enabling high-precision and high-
efficiency machining of freeform optics.

2. Theory and methods

In optical surface design, a surface is often described using
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polynomial equations, and its geometry is determined by adjusting the
coefficients of the equations. However, when fabricating a designed
surface, the geometry is commonly represented as a point cloud. In this
study, a novel method for creating a machining program was proposed
that calculates the optical design formula during tool movement control
based on the loaded coefficients and controls the tool movement ac-
cording to the calculation results. At each control-sampling step, the
design equation was evaluated to compute the target position of the tool.
Thus, the tool could be moved in a way that reduces interpolation errors
inherent in conventional point cloud methods, enabling higher-
precision fabrication. The differences between the conventional point
cloud method and the proposed direct calculation method are summa-
rized in Fig. 1. In this section, the fundamental theories and features of
optical design, two-variable polynomials, FTS unit control mechanisms,
and machining programs are described, and the methodology of the
proposed approach is presented.

2.1. Design of optical surface

A conventional aspherical lens shape is defined using the following
equation:

r2 4 ;
2(r) = +) Axr*,
(i)

@

where z is the height of the designed form, r is the distance from the
optical axis, R and k are the curvature radius and conic constant,
respectively, d is the maximum coefficient rank, and Ay; is the coefficient
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1.0 mm

Surface form

Y-axis (mm)

Y-axis (mm)

Y-axis (mm)

-1.0 mm Xeaxis (mm) v oo Xeaxis (mm)
Co(m=0,n=0) 0.000000000023 Co(m=0,n=0) 0.000000000023 PV (mm)
Ci(L, 1) -0.014889799365 Ci(1,0) -0.014890738460 1.974 x 10-13
C2(-1, 1) -0.014889799365 C2(0, 1) -0.014890738460 RMS (mm)
Coefficient Cs(3,3) 0.000000469548 Cs(3,0) 0.000001878192 5.473 x 10-14
C1(1,3) 0.000000469548 Co (0, 3) 0.000001878192
Cs(-1,3) 0.000000469548
Co(-3,3) -0.000000469548

Fig. 2. Freeform surface (a) defined by Zernike polynomial and (b) reproduced by XY polynomial the surface. (c) Difference between the two surfaces shown in (a)

and (b).

value [28-30]. The shape of the optical lens is determined by adjusting
the value of each coefficient and calculating the ray paths at each
wavelength and the optical aberration for the combined state of multiple
lenses [31,32]. An equation that explicitly demonstrates the changes in
the light path in response to variations in each coefficient is a highly
valuable tool in optical design. In particularly, for optical elements that
manipulate light and exhibit sensitivity to dimensional changes at the
nanometer scale, a formula with numerous finely adjustable coefficients
is essential. Thus, although the aspherical surface equation is axially
symmetric, it offers a clear interpretation of the role of each coefficient.
Owing to its high degree of tunability and precision, the aspherical
surface equation has become a widely adopted standard in optical
design.

However, the demand for freeform lenses with off-axis target ge-
ometries has increased [1-3]. To enable freeform optical design, several
polynomial equations have been used to replace conventional aspheric
equations. A two-variable polynomial (termed the XY polynomial in this
study), in which the distance from the optical axis of the aspheric for-
mula is replaced by x and y coordinates, is now widely used in the design
of freeform optical surfaces [11,24,33]. The XY polynomial is expressed
as follows:
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Imax

2(x,y) =Y CxX"y", (2-a)
i=0
2
max:d +?£d+271’ (2-b)

where C; is the coefficient of the XY polynomial equation, and m and n
are exponents of x and y, respectively. This equation is a simple poly-
nomial that compute the sum of all terms by incrementing i from 0 to
imax- When the maximum exponents of x and y are the same and the
maximum number is d, inq can be calculated using Equation (2-b). The
exponents of x and y (m and n) corresponding to index i are listed in
Table 1. The XY polynomial has many coefficients, similar to the
aspheric equation, and allows for the expression of various freeform
surfaces by simply adjusting the coefficient values. The polynomial itself
has the property of flexible adjustability by simply changing the co-
efficients, and this feature is highly compatible with optical lens design.
In addition to the XY polynomial, various other polynomials such as the
Zernike polynomial have been utilized in optical design formulas [4,34,
35]. Although many polynomials are used differently as optical surface
definition formulas, depending on the ease of optical design, such as
aberration calculations, the final designed surface can be expressed by
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Co(m=0,n=0)  -1.900000000000 | Co(m=0,n=0)| -1.900000000000 Co(m=0,2=0)|  -3.800000000000
Ci(1,0) 0.430000000000 Ci(1,0) -0.430000000000 Ci(1,0) 0.000000000000
C2(0, 1) 0.430000000000 C2(0,1) -0.430000000000 C2(0,1) 0.000000000000
C3(2,0) 0.002200000000 C:(2,0) 0.002200000000 C3(2,0) 0.004400000000
Ca(1,1) 0.012000000000 Ci(1,1) 0.012000000000 Ca(1,1) 0.024000000000
Cs(0,2) 0.002200000000 Cs(0,2) 0.002200000000 Cs(0,2) 0.004400000000
Cs(3,0) -0.000066000000 Cs(3,0) 0.000066000000 Cs(3,0) 0.000000000000
Cr(2,1) -0.000004200000 Cr(2,1) 0.000004200000 Cr2,1) 0.000000000000
Cs(1,2) -0.000004200000 Cs(1,2) 0.000004200000 Cs(1,2) 0.000000000000
C9(0, 3) -0.000066000000 Cs(0, 3) 0.000066000000 C(0, 3) 0.000000000000
Cio(4, 0) -0.000000510000 Cio (4, 0) -0.000000510000 Cio(4, 0) -0.000001020000
Cu@3,1) -0.000001200000 Cn@G, 1) -0.000001200000 Cu@, 1) -0.000002400000
C2(2,2) 0.000000025000 C2(2,2) 0.000000025000 Ci2(2,2) 0.000000050000
Ci3(1,3) -0.000001200000 Ci3(1,3) -0.000001200000 Ci3(1,3) -0.000002400000
Ci4(0,4) -0.000000510000 C14(0, 4) -0.000000510000 C14(0, 4) -0.000001020000

Fig. 3. Example of shape synthesis results obtained by combining the coefficients of different freeform surfaces.

other polynomials often. Fig. 2 shows an example of reproducing a
freeform surface represented by certain Zernike coefficients using the XY
polynomial coefficients; Fig. 2(a) and (b) compare the freeform surfaces
defined by the Zernike and XY polynomials, respectively. The resulting

difference, shown in Fig. 2(c), is less than PV 2.0 x 10~!3> mm. This in-
dicates that identical surfaces can be obtained, even when defined using

different polynomial representations. Therefore, regardless of the
polynomial used for designing the optical surface, a machining program
developed for one polynomial equation can potentially cover various
freeform surfaces defined by other polynomials.

Significant digits

2.0 mm

Surface form

-2.0 mm
0.001 mm
Difference
from original
-0.001 mm e w5 4w D
PV (mm) - 5.3535 0.2055 0.0000
RMS (mm) - 0.9042 0.0276 0.0000

Fig. 4. Comparison of freeform surface reproduction accuracy when varying the number of significant digits of the coefficients.
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2.2. Features of XY polynomial

In this study, the XY polynomial equation (Equation (2-a)) was
treated as the main freeform-defining formula. Despite its simplicity, the
XY polynomial can represent various complex freeform optical surfaces
and has many other advantages in optical surface machining.

The first advantage is that shapes can be synthesized by simply
adding or subtracting coefficients. Fig. 3 shows the results of synthe-
sizing a shape using the coefficients of the XY polynomial. In optical
surface machining, this shape composition is useful for creating the
corrected ideal surface based on form measurement data [24,34]. When
synthesizing shapes from point cloud data, the Z coordinate of one
dataset must be recalculated according to the x and y coordinates of the
other dataset, and the calculation time depends on the number of point
clouds data points and the selected interpolation method. However, the
XY polynomial only requires a distinctly smaller amount of data as co-
efficient values than the point cloud data to synthesize the geometry,
and synthesis is achieved by simply adding or subtracting the
coefficients.

The second advantage is the ease of scaling the freeform surface.
During optical lens fabrication by molding, the shape transferred from
the mold to the lens generally shrinks depending on the molding con-
ditions and lens material [33,36,37]. Therefore, pre-expanding the op-
tical surface of the mold is necessary to match the molding shrinkage
ratio and obtain a higher-precision lens via molding. Among the many
polynomial equations used for optical design, the XY polynomial, which
has a simple form, can easily expand or shrink the designed freeform
surface as follows:

Gi

g(m+n-1)~

Ci'= 3
where C; and C; are the coefficients of original and scaled freeform
surfaces, respectively, and s is the scaling ratio. If the scaling ratio is
greater than 1, the designed freeform surface is enlarged based on this
ratio. The values of m and n for specific i are listed in Table 1.

Although the XY polynomial has many attractive features for pro-
cessing optical freeform surfaces, as described above, careful attention
must be paid to the number of significant digits in the coefficients of the
equations. Fig. 4 shows the calculated freeform surfaces obtained when
varying the number of significant digits of the coefficients and the de-
viation from the original freeform surface defined by the full-precision
coefficients. The comparison results show that the form error of the
ideally designed surface has a PV error of a few micrometers when the
number of significant digits is set to 12. Based on these results, reading
the coefficients to 12 or more decimal places is recommended. When
large exponents are used, the number of significant digits in this coef-
ficient must be handled with particular caution.

Freeform surfaces cannot be represented by the XY polynomial
equation, such as microlens arrays and high-frequency geometries,
which refer to fine, rapidly varying surface features with short spatial
wavelengths. Nevertheless, the XY polynomial has many useful prop-
erties, as the ability to substitute for other optical design polynomials,
such as the Zernike polynomial. Because freeform optical design is often
performed using polynomial equations that can be adjusted by changing
the coefficients, a machining program specialized for calculating XY
polynomials can be broadly applicable to the machining of freeform lens
surfaces defined by various optical polynomial equations.

2.3. Conventional machining program

Generally, cutting machines, including diamond turning lathes, are
controlled by a machining program called NC code, which specializes in
machine operations [38,39]. In the NC code, a program that commands
the rotation speed and starting point, called PROLOG, is first read.
Machining is then performed by referring to the coordinate values and
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Y Interpolation error Tool movement

Ideal form

Control point
Workpiece

y

Fig. 5. Schematic of the interpolation error caused by moving a tool along the
control points of a machining program.

Constant feed

Control points

Fig. 6. Constant angle arrangement method for the point cloud data in a
machining program.

moving each axis of the machine to the specified location. Therefore, the
machined surface is defined using the coordinate point cloud data in the
NC code.

This control method using the point cloud data of the NC code
typically causes a problem called an interpolation error, as shown in
Fig. 5 [27,40]. This error arises from the difference between the tool
movement path and the ideal surface trajectory and affects the form
error of the machined surface. The number of control points must be
increased to suppress the form error caused by interpolation errors.
However, the number of point cloud data points is limited depending on
the machine, for example, up to one million points. Various studies on
diamond turning, particularly on point cloud placement methods, have
been conducted to achieve precision machining of freeform surfaces
with a limited number of control points [25-27]. However, the standard
constant-angle placement method shown in Fig. 6 is commonly used in
machining programs for diamond turning [17,22,41].

This constant-angle arrangement method has the disadvantage that
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Fig. 7. Control chart-flow of diamond turning base machine and FTS unit specialized in tool movement in a single direction.

larger interpolation errors occur in the outer regions than in the inner
regions of the workpiece. Although this effect was small for the
machining of small-diameter lenses, the demand for machining large-
diameter surfaces has been growing in recent years; a large out-of-
tolerance interpolation error occurs on the machined surface when
using a machining program with a limited number of point cloud data
points. Regardless of the point cloud arrangement method used, as long
as the ideal shape is defined by a point cloud, the larger the lens size, the
larger the lens, the larger the interpolation error caused by point cloud
limitations. Therefore, finding a method to overcome point cloud limi-
tations for the machining of large optical freeform surfaces is
imperative.

Corrected tool Position

Normal

Ideal shape
vector 2

‘\\\‘//

s Extra cutting
Corrected control point .. _

z
Original control Point

x I
Vector coincidence point

2.4. Independently controlled FTS

Independently controlled FTS, which has been developed in recent
years, is equipped with a control system that specializes in the forward
and backward motion of the axis in only one direction [17,18]. During
machining, the coordinate information of the x- and c-axes of the base
turning lathe is read from the encoder, and the FTS machining program
calculates the tool position of the w-axis from this input data. The FTS
control system then moves and controls the tool to the calculated posi-
tion, as shown in Fig. 7. Specializing in controlling only the w-axis en-
ables high-speed and high-precision movements. The machining
program of this FTS does not require a conventional machining program
(NC code) because it only requires information on the w-axis value of the
tool position corresponding to the coordinate data of the base machine
movement. Therefore, other programming languages, such as C, can be

(b)

Original tool position

Corrected tool position

Ideal shape

Extra cutting

Original control point

Fig. 8. Diagram of tool radius compensation by moving along (a) only the z-axis direction and (b) both the x- and z-axes directions.
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used to control this FTS unit [42,43].

However, even for an independently controlled FTS with the afore-
mentioned features, defining the design surface using point cloud data is
considered the standard method in FTS machining [27,42]. The main
reason for adopting point cloud data is the complexity of the tool radius
compensation calculation. If the tool is V-shaped, the ideal surface can
be machined by calculating the optical equation based on the designed
coefficients during machining and moving the tool to the calculated
position. However, because a V-shaped tool always contacts only a
single point at its tip during machining, they wear out quickly. There-
fore, a tool with a rounded tip is typically used in the diamond turning
[12,23,24]. This round-nosed tool requires compensation for the ideal
surface position according to the tool radius. In conventional point
cloud-based machining, tool radius compensation is performed by
calculating the compensation amount from the tool dimensions for each
control point. To apply this tool radius compensation method to FTS
machining, the surface is defined using point cloud data in the
machining program of independently controlled FTS, even though it is
possible to control the machine without point cloud data.

2.5. Proposed programming method

This study proposes a machining program that compensates the co-
efficients of the ideal surface design equation and evaluates these co-
efficients during machining, taking advantage of the control
characteristics of the independent control system and machining pro-
gram of the FTS.

First, a freeform surface was designed using an XY polynomial
equation. Subsequently, the coefficients of the polynomial equation
were corrected by applying the tool radius compensation method
described in the following section. During machining, the FTS calculated
the w-axis value of the ideal tool position based on the XY polynomial
equation using the corrected coefficients, and then, moved the tool to
the calculated w-axis position. Thus, the proposed method achieves
higher-precision machining with smaller interpolation errors than a
conventional point cloud-based machining program, while requiring a
smaller data volume.

2.6. Tool radius compensation

Generally, tool radius compensation for a machining program with
point cloud data is conducted by moving each control points only in the
z-axis direction by calculating the compensation amount, as shown in
Fig. 8(a) [22,39]. If the control point can be corrected in both the x- and
z-axis directions, the compensation amount can be calculated using this
approach because it can be treated as a linear problem, as shown in
Fig. 8(b). In this method, the normal vector at each control point is
calculated from the ideal surface, and the compensation amounts for the
x- and z-axes are determined based on the tool radius. However, this
compensation method of moving the control points in both the x- and
z-axes direction makes it difficult to control the machine movement. The
independently controlled FTS is a specialized machine for moving the
tool only in the w-axis direction, which is in the same direction as the
z-axis, and machining is conducted under high-speed rotation conditions
to realize fast machining. If the control point is corrected in the x-axis
direction, the main turning machine must control the x-axis during
high-speed rotation. To avoid this problem, tool radius compensation
focusing only on the z-axis direction is commonly used in FTS
machining. However, calculating the correction amount using this
compensation method requires solving a nonlinear problem, and finding
the optimal value is time-consuming. This optimization must be con-
ducted individually for each control point. A tradeoff exists: the more
control points, the more precise the machining with smaller interpola-
tion errors; however, the time required for tool radius compensation
increases accordingly.

The compensation method in both the x- and z-axis directions is
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effective for correcting the ideal surface. The problem with this method
is that the corrected point cloud data are treated as control points of the
machining program, and the machine is moved to these control points.
However, points corrected by moving in both the x- and z-axis directions
can instead be used to compensate the coefficients of the XY polynomial
equation. Specifically, first, point cloud data exceeding the maximum
number of points readable by the machining program were first gener-
ated. Then, the correction amount in the x- and z-axis directions was
calculated. Finally, the corrected coefficient values were computed by
fitting the corrected point cloud to the XY polynomial equation. With
this compensation method, even if the number of point cloud data points
was increased, the time required for tool radius compensation was
shorter than with the conventional z-axis-only method. As the corrected
points themselves were not used in the actual control points of the
machining program, the limitation on the number of point cloud data
points in the machining program is no longer a concern. The original
definition of the ideal shape is an XY polynomial, and the overall shape
does not change significantly when tool radius compensation is applied.
Therefore, only a minute change in the coefficient values from those of
the original design equation was assumed, and the fitting error was
expected to be small.

2.7. Fitting method based on XY polynomial equation

In this study, coefficient compensation was calculated by fitting the
XY polynomial equation to the corrected point cloud data according to
the tool radius. This section presents a method for calculating the best-fit
coefficients of the XY polynomial from point cloud data of the freeform
surface expressed on the x-, y-, and z-axes. When the XY polynomial
expressed in Equation (2-a) is written in matrix form, the following
equation is obtained:

™y xy My Xy Mnax yynar 1 [ Gy z
XMy, szll_)/zn1 g Mimasx g Mimax G _ | = ’ (4-a)
Xy ™ y™ X mex ypimex || G Zh
m;=f; — n;, (4-b)
i=1— M7 (4-0)
2
o]

where h is the number of points in the point cloud data, and a floor
function is used for f;. The freeform surface of the XY polynomial can be
determined using the above equations. If point cloud data of x-, y-, and z-
axis values are available, the coefficient values of the XY polynomial can
be calculated using the following equation:

-1

Co’ ™y My X, Mimax Yy Minax Z
Clr szo ano szl Y, n X. zmlrnax anlmax 29
. = . . ) (5-3.)
G/ XY XM Y™ XM Ypnex Zh
X
- * (5-b)
max (| x|)
Y= Y , (5-0)
max (| y )
G/
Ci= ! (5-d)

max (| x [)™ x max (| y [)*"
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-2.0 mm X-axis (mm) X-axis (mm) o X-axis (mm)
Ci(m=1,n=0) -0.014890738460 Ci(m=1,n=0) -0.014890738460 Ci(m=1,n=0) 0.000000000000
C2(0, 1) -0.014890738460 C2(0,1) -0.014890738460 C2(0, 1) 0.000000000000
C3(2,0) -0.000333333214 Cs3(2,0) -0.000333333214 C3(2,0) 0.000000000000
Coefficient Cs(0,2) 0.000333333214 Cs(0,2) 0.000333333214 Cs(0,2) 0.000000000000
oefficien
Cs(3,0) 0.000001878192 Cs(3,0) 0.000001878192 Cs(3,0) 0.000000000000
Co(0,3) 0.000001878192 Cy (0, 3) 0.000001878192 Co(0,3) 0.000000000000
Ci0(4, 0) -0.000000000037 Cio(4, 0) -0.000000000037 Ci0(4,0) 0.000000000000
Ci14(0, 4) 0.000000000037 C14(0,4) 0.000000000037 C14(0,4) 0.000000000000
Fig. 9. Example of an XY polynomial fitting result for a freeform surface obtained using the proposed fitting method.
80 = T]_)eiig“_"‘li_suifac_‘" — 2.5 mm Tabh?? . .
Coefficients of the designed freeform surface defined by the XY
polynomial.
NN e Co (m=0,n=0) —0.029065634279
C3(2,0) 0.000854545700
40 Cqs(1,1) 0.000160696902
C5(0,2) 0.001329701256
Ci0 (4, 0) —0.000000491886
20 Cni (3, 1) 0.000000000002
E C12(2,2) —0.000000000010
Z 0 Ci3(1,3) 0.000000000018
K C14 (0, 4 ~0.000000491824
N C21 (6, 0) 0.000000000078
20 Ca7 (0, 6) 0.000000000078
40 small numerical errors can be amplified during the computation of the
| pseudoinverse. By scaling the coordinates to a comparable range prior to
60 [ =i == constructing the regression matrix, the magnitude of each basis term is
| balanced, which reduces the condition number of the matrix. As a result,
80 1 2.5 mm the coefficient estimation becomes more stable and less sensitive to
0 R =20 X-axi;) (om) 20 40 o 80 numerical errors, even in the presence of measurement noise and higher-

Fig. 10. Designed freeform surface defined by the XY polynomial for the cut-
ting experiments.

Equation (5-a) utilizes the inverse matrix of Equation (4-a), with
normalized values used for the x- and y-axes. When calculating the in-
verse matrix, the Moore-Penrose pseudoinverse, which can be calcu-
lated using the 'pinv()' function in MATLAB. The result of Equation (5-a)
gives the coefficient of the surface with normalized x- and y-axis scales.
To obtain the correct fitting coefficients, the normalized coefficients
must be converted back to the original surface scale using Equation (5-
d).

Coordinate normalization is introduced to improve the numerical
conditioning of the regression matrix. Without normalization, the
powers of the original coordinates can lead to large differences in
magnitude among the matrix elements, particularly for higher-order
polynomial terms. This results in an ill-conditioned system, where
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order polynomial terms.

A comparison between the freeform surfaces calculated using the
original and fitted coefficients was conducted to evaluate the accuracy
of the fitting method for the XY polynomial equation. The evaluation
results are shown in Fig. 9. The results show that the errors between the
original and fitted coefficients errors were less than 10712 for each co-
efficient and the PV error between the two surfaces was the
4.763 x 10"'* mm, confirming that the fitting was performed with
extremely high accuracy.

3. Experimental demonstration

3.1. Designing of freeform surface

The designed freeform surface and its coefficients are presented in
Fig. 10 and Table 2, respectively. The interpolation error of a machining
program based on point cloud data increases when machining larger
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Fig. 11. Schematic of w-axis value calculation performed by (a) the conventional machining program based on bilinear interpolation using point cloud data and (b)

the proposed novel machining program using coefficient data.

workpieces because the number of point cloud data points remains
limited. To check the effectiveness of the proposed machining program,
the diameter of the designed freeform surface was decided to be as large
as possible; ¢150 mm was selected by considering the load capacity of
the spindle of turning lathe used in this study and potential interference
during machining. In addition, because the FTS used in this experiment

Clearance angle

ks Bl et 5.0°

60

40

20

Y-axis (mm)

-20

-40

-60

-80
-80

-20

0
X-axis (mm)
Max value: 4.3662 degrees

Minimum value: -3.4525 degrees

20

-5.0° -

Y -axis (mm)

had a stroke limit of 5 mm, the freeform surface was designed such that
the height variation of the machined surface remained within 5 mm.

3.2. Machining program

A conventional machining program using point cloud data and the

Opening angle
5.0°

-5.0°

-20

0
X-axis (mm)

20

Max value: 2.8023 degrees
Minimum value: -4.9172 degrees

Fig. 12. Calculation results of required (a) clearance angle and (b) opening angle for a round-nosed diamond tool.
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Table 3
Specifications of the diamond tools used in the cutting experiments.

Tool material Single-crystal diamond
Nose radius (mm) 1.013

Rake angle (°) 0

Clearance angle (°) 15

Open angle (°) 120

proposed machining program using coefficient data were prepared for
an FTS cutting experiment mounted on a diamond turning lathe. The
workflow of both machining programs is shown in Fig. 11.

In the conventional machining program using point cloud data, an
interpolation process was conducted to calculate the w-axis value of the
tool position based on the input x- and c-axis information from the base
machine, as shown in Fig. 11(a). A bilinear interpolation method, which
is commonly used in FTS machining programs, was applied to the con-
ventional point cloud machining program [17,42]. The interpolation
method identified the four nearest points of the input base machine
coordinates and calculated the corresponding w-axis value. For the
arrangement of the point cloud data, the constant angle method, which
is the standard arrangement method described in Section 2.3, was
adopted; the constant angle and pitch were 0.5° and 0.058 mm,
respectively. The total number of point cloud data points was 993,600,
which is close to the upper limit of one million points of the FTS used in
this study.

In the proposed machining program using coefficient data, only 20
coefficient values were required, and the machining program evaluated
the XY polynomial equation based on these coefficient values and the
input coordinate information from the base machine, as shown in Fig. 11
(b). This represents a reduction in the number of representation pa-
rameters to approximately 1/50,000 compared to the 993,600 data
points used in the conventional method.

Diamond t(;ol

Precision Engineering 102 (2026) 354-376
3.3. Experimental setup

To determine suitable diamond tool specifications for machining the
ideal surface without interference, each normal vector of the x- and c-
axes were calculated from the designed freeform surface, as shown in
Fig. 12. From these calculations, the diamond tool was required to have
an opening angle of at least 4.917° and a clearance angle of at least
3.453°. The tools listed in Table 3 were selected to satisfy these
specifications.

To machine the designed freeform surface, diamond turning was
performed using a fast tool servo FTS-5000 (AMETEK Precitech Inc.)
mounted on an ultraprecision Nanoform X (AMETEK Precitech Inc.), as
shown in Fig. 13. To realize precise machining using the FTS, the spindle
rotation speed was carefully determined, such that the tool acceleration
did not exceed the maximum acceleration specified for the FTS, and the
rotation speed was set to 100 rpm. The sampling frequency of the FTS
was 20 kHz, and the typical computation time per control cycle was 383
ps. This computation delay was compensated using the built-in time-
delay compensation function of the FTS by pre-calculating the angular
shift caused by the delay [17,18]. All cutting parameters used in this
experiment are summarized in Table 4. Aluminum, which has high
machinability and reduce the weight of large-diameter workpieces, was

Table 4
Experimental conditions.

Cutting Parameters

Depth of cut (pm) Rough: 10
Finish: 2
Spindle rotation rate (rpm) 100
Feed rate (pm/rev) 0.5
Workpiece
Material Aluminum
Diameter (mm) 170
Cutting area diameter (mm) 150

Workpiece

Z-axis

Fig. 13. Photograph of the main section of the FTS-based diamond turning experimental setup.
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Fig. 14. Calculated correction surfaces for (a) the conventional machining program and (b) the proposed machining program.

selected as the workpiece material. The same designed freeform surface
was machined using the two machining programs described in Section
3.2 under the above machining conditions. White-light interferometry
Nexview2 (AMETEK Zygo Corp.) was used to measure the machined
surfaces using a 50x objective lens with a measurement area of
1 mm x 1 mm. Since the evaluated region exceeded a single field of
view, multiple measurements were stitched together to obtain the full
surface data. After obtaining the measurement data, the form error of
the machined surfaces was analyzed by best fitting the acquired data to
the ideal surface form in MATLAB. No filtering or post-processing
smoothing was applied to the raw measurement data prior to form
error evaluation.

3.4. Tool radius compensation results

Tool radius compensation was conducted on the designed freeform
surface for both machining programs. The calculated correction surface
is illustrated in Fig. 14.

For the tool radius compensation of the conventional machining
program using point cloud data, the correction amount in only the z-axis
direction was calculated by nonlinear regression because the corrected
point cloud data were directly used as control points of machining
program. The calculated results are presented in Fig. 14(a). Comparing
these results with the normal angle distribution in the radial direction in
Fig. 12(b), the correction amount and the normal angle in the radial
direction were correlated, and the correction amount was larger when
the absolute value of the vertical angle was larger. The form PV value of
this correction surface was 3.743 pm. As described in Section 2.6,
calculating the tool radius compensation along the ideal surface in the z-
axis direction only requires solving an optimization calculation for each
control point, which result in a long calculation time. The calculation of
the correction for the conventional machining program required 1440 s.

The tool radius compensation for the proposed machining program
with coefficient data was conducted by calculating the correction
amount in both the x- and z-axis directions as a linear regression prob-
lem. No limitation exists on the number of point cloud data points for an
ideal freeform surface because the point cloud data are not treated as
control points for the machining program. In this study, 10 million data
points, which is 10 times the control-point limit, were prepared to
calculate the correction for the proposed machining program. The
calculated results are presented in Fig. 14(b). Even when corrections in
both the x- and z-axes direction were applied to the tool radius

364

Table 5
Coefficients of the correction surface and the combined surface.

Combined surface
(Design + Correction)

Correction surface

Co (m=0,n=0) 0.000009119762 —0.029056514517
C (1,0 0.000000071762 —0.000000071762
C2(0,1) —0.000000067910 —0.000000067910
C3(2,0) 0.000001441123 0.000855986823
Ci(1, 1) 0.00000652206 0.000161349108
Cs (0, 2) 0.00003260607 0.001332961863
Ce (3, 0) —0.00000000151 —0.00000000151
C; (2, 1) —0.00000001523 —0.00000001523
Cs(1,2) —0.00000000538 —0.00000000538
Co (0, 3) —0.00000000972 —0.00000000972
Ci10 (4, 0) —0.00000003233 —0.000000495119
Ci (3,1 —0.00000000573 —0.00000000571
C12(2,2) —0.00000001367 —0.00000001377
Ci13(1, 3) 0.00000000105 0.00000000123
C14 (0, 4) 0.00000003897 —0.000000495721
Cig(2,3) —0.00000000004 —0.00000000004
Cy (0, 5) 0.00000000005 0.00000000005
Ca1 (6, 0) 0.00000000002 0.00000000080
Ca3 (4, 2) —0.00000000001 —0.00000000001
Cz7 (0, 6) 0.00000000001 0.00000000079

compensation, the resulting correction surface geometry was identical
to that of the conventional method, as shown in Fig. 14(a) and (b). The
PV value of this correction surface was 3.791 pm, and the calculation
time was less than 5s, representing a reduction of more than 99.9%
compared with that of the conventional machining program, owing to
the use of linear regression.

Based on the calculated correction surface in Fig. 14(b), the coeffi-
cient values were compensated by applying the fitting method described
in Section 2.7. The fitted coefficient values and fitting errors are pre-
sented in Table 5 and Fig. 15, respectively. The PV value of the fitting
error was 0.096 pm. The fitting calculation time was less than 5s
because this calculation was solved as a linear regression problem. The
fitting coefficient values were treated as the corrected coefficients of the
proposed machining program, and the XY polynomial equation was
evaluated based on these corrected coefficient values during machining.



S. Tanikawa and J. Yan

0.1 um

40

20

=}

Y-axis (mm)

)
S

-40

X-axis (mm)

PV error: 0.095 pm, RMS error: 0.014 um

Fig. 15. Fitting error when fitting the XY polynomial to the correction surface
shown in Fig. 14(b).

3.5. Surface topography results
The designed freeform surface was machined using a conventional
machining program based on the bilinear interpolation method and the

proposed machining program that directly evaluates the XY polynomial
equation. Images of the machined surfaces are shown in Fig. 16. When

(@)

Enlarged area
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the outer edge of the machined surface was examined at higher
magnification radial patterns were observed on the surface machined
using the conventional machining program, as shown in Fig. 16(b). This
pattern corresponds to the constant-angle point cloud arrangement
method, and it is believed that the characteristic form error pattern
caused by interpolation errors manifests as this visible pattern.

In contrast, the surface machined using the proposed method did not
exhibit a radial pattern, as shown in Fig. 16(c). This is likely because the
diamond tool moved in direct correspondence with the evaluated XY
polynomial equation, realizing smooth tool motion consistent with the
designed surface geometry. These observations indicate that the pro-
posed machining program produces a superior surface appearance
compared with the conventional bilinear interpolation method.

3.6. Form error evaluation

The surface geometry of each surface machined using the conven-
tional and novel proposed machining programs was measured using a
white-light interferometer, and the form errors between the measured
and ideal surfaces were analyzed in MATLAB. The measurement areas
and positions are illustrated in Fig. 17, and the form error evaluation
results are shown in Fig. 18.

As shown in Fig. 18(a), characteristic radial form errors occurred on
the surface machined using the conventional bilinear interpolation
method. This radial form error pattern was caused by the interpolation
error of the point cloud data in the conventional machining program.
Even though the point cloud data comprised nearly one million points,
close to the reading limit, this number of data points was insufficient for
machining a freeform surface with a diameter of 150 mm. In contrast,
significantly better form accuracy was obtained for the surface
machined using the proposed machining program, as shown in Fig. 18

Machined by conventional machining program

Machined by proposed novel machining program

Fig. 16. Photograph of the machined surface: (a) overall surface appearance; enlarged view of the machined surface obtained using the (b) conventional machining

program and (c) proposed machining program.
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Measurement area
O1x1 mm

38.5 mm

38.5 mm

38.5 mm 38.5 mm

Fig. 17. Measurement areas
face machining.

and positions of single freeform sur-

(b). The maximum PV and RMS form errors obtained using the con-
ventional and proposed machining programs were 0.399 and 0.037 pm,
and 0.150 and 0.009 pm, respectively. These results indicate that the
proposed method reduced the form errors by 62.4% and 75.7%,
respectively, demonstrating the effectiveness of the proposed machining
program.

To assess variability, four different locations on the machined surface
were evaluated. The results for the proposed method, shown in Fig. 18
(b), exhibited limited variation, with PV values ranging from 0.106 to
0.150 pm and RMS values ranging from 0.006 to 0.009 pm across the
measured areas. This indicates high consistency of the overall process,

Precision Engineering 102 (2026) 354-376

supported by the nanometer-scale positioning capability of the voice-
coil-driven FTS and the nanometer-scale measurement resolution of
the white-light interferometer.

4. Application to multi-surface machining
4.1. Design of multiple freeform surfaces

The proposed machining program has the potential to contribute to
high-efficiency machining with high stability and accuracy. When per-
forming multi-surface machining, even if each individual optical surface
is small, the total machining area increases as the number of surfaces
and the machining range radius increase. When attempting to achieve
multi-surface machining using a conventional machining program with
a limited number of points arranged in a constant-angle pattern, the
outer surfaces would exhibit poorer machining accuracy than the inner
surfaces due to the lower point cloud density at larger radii. Although
conventional point cloud machining programs suffer from unstable ac-
curacy in multi-surface machining, the proposed machining program
has the potential to provide a new solution to this problem.

To verify the effectiveness of the proposed machining program for
multi-surface machining, five similar optical surfaces with different
elevation differences were designed using an XY polynomial equation.
The coefficients of these design surfaces are listed in Table 6. Fig. 19
shows each designed optical surface and the arrangement of these sur-
faces during multi-surface machining via diamond turning. Surface 1
was positioned at the center of the machining area, and Surfaces 2, 3, 4,
and 5 were positioned at the right, top, left, and bottom, respectively.
Each optical surface in this arrangement was machined in a single setup
on the diamond turning lathe.

4.2. Machining program

Multi-surface machining was conducted using both the conventional
point cloud and proposed machining programs, as in the basic cutting
experiment described in Section 3.2, to compare the results of each
machining program. The workflow of the conventional machining

(a) Point clouds

0.1 pm

(b) XY polynomial
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Fig. 18. Evaluated form error results at the locations shown in Fig. 17, obtained by best fitting the ideal surface to the measured data of the surfaces machined using
the (a) conventional machining program with point cloud data and (b) proposed machining program with coefficient data.
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Table 6
Coefficients of design surfaces for multi-surface machining.
Surfacel Surface2 Surface3 Surface4 Surface5
Co(m=0,n=0) —0.049933656541 —0.099997972241 —0.149996958027 —0.199995943410 —0.249994928258
Cy (0, 1) —0.004363119464 —0.004362457414 —0.004361340654 —0.004359777191 —0.004357767023
C3(2,0) 0.001225437515 0.001096268285 0.001644402422 0.002192536552 0.002740670673
Cs (0, 2) 0.001225460846 0.001096289147 0.001644433695 0.002192578214 0.002740722693
C;(2,1) —0.000000004826 —0.000000009029 —0.000000020315 —0.000000036115 —0.000000056429
Co (0, 3) —0.000000005770 —0.000000014389 —0.000000032375 —0.000000057555 —0.000000089929
Ci0(4,0) —0.000009820783 —0.000003994505 —0.000005991757 —0.000007989009 —0.000009986261
Ci2(2,2) —0.000000000001 0.000000000000 0.000000000000 0.000000000001 0.000000000002
Ci4 (0, 4) —0.000009821157 —0.000003994657 —0.000005991984 —0.000007989311 —0.000009986638
Ci6(4,1) 0.000000000016 0.000000000024 0.000000000054 0.000000000097 0.000000000151
Ci5 (2, 3) 0.000000000046 0.000000000051 0.000000000116 0.000000000207 0.000000000323
Cy (0, 5) 0.000000000047 0.000000000078 0.000000000177 0.000000000315 0.000000000493
Co1 (6, 0) 0.000000028847 0.000000005670 0.000000008505 0.000000011340 0.000000014175
Cy7 (0, 6) 0.000000028849 0.000000005670 0.000000008505 0.000000011340 0.000000014176
Cs36 (8, 0) —0.000000000033 —0.000000000004 —0.000000000006 —0.000000000008 —0.000000000009
Cy4 (0, 8) —0.000000000033 —0.000000000004 —0.000000000006 —0.000000000008 —0.000000000009
80
60
40
E 02
2 02 _
g 100 E,
N @z 0
g
&
-20
40
-60
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-1
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Fig. 19. (a) Overall view and (b) layout of the five freeform surfaces defined by the XY polynomial for multi-surface machining.
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Fig. 20. Schematic of the w-axis value calculation of the proposed machining program using multiple coefficient datasets for the advanced cutting experiment.
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Fig. 21. Surface plot of the machining program output using cutting area data (a) before and (b) after applying the additional overwrite routine.
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Fig. 22. Calculated correction surface for the (a) conventional machining program and (b) proposed machining program for multi-surfaces machining.

program using point cloud data is identical to that of the basic cutting
experiment described in Section 3.2, as shown in Fig. 11(a). In contrast,
the proposed machining program must handle the coefficients of the XY
polynomial for five optical surfaces, unlike the workflow for single-
surface machining. To realize multi-surface machining using the pro-
posed machining program, a direct-calculation program was developed,
as shown in Fig. 20. The key feature of this machining program is the
selection of the appropriate optical surface coefficients based on the
acquired x- and c-axis coordinate values. When the tool movement was
controlled from the x- and c-axis coordinate values based on the work-
flow shown in Fig. 20, the XY polynomial produced a steep elevation
difference as the tool moved away from the center position of each
surface. Consequently, the tool was likely to follow this steep profile, as
shown in Fig. 21(a), which exceeded the 5 mm stroke limit of the FTS
and made smooth machining impossible. In addition, because the
workpiece rotates during turning, a large step in tool motion occurred at
the boundary where the coefficients switched between optical surfaces,
making FTS control difficult. To solve these problems, a supplementary
routine was added that constrained the w-axis value to —0.027 mm
whenever the calculated w-axis value fell below —0.027 mm. By
applying this additional routine, the FTS moved the tool smoothly, as
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shown in Fig. 21(b). This ensured smooth transitions without steps even
outside the cutting area, reducing the control load on the FTS and
enabling high-precision machining. The smooth connection profile be-
tween each optical surface was also used as the reference form for the
point cloud data in the conventional machining program.

The XY polynomial direct-calculation machining program for multi-
surface machining requires loading coefficients for each optical surface,
resulting in five times the data volume compared with the basic cutting
experiment described in Section 3. However, even with five times the
amount of data, the total number of coefficients was only 330.
Compared with the 993,600 points required by the point cloud
machining program, this represents less than 0.04% of the point cloud
data volume.

4.3. Tool radius compensation

Tool radius compensation was performed for both the conventional
and proposed machining programs for multi-surface machining. The
calculated correction surfaces are shown in Fig. 22. The conventional
point cloud machining program, which required correcting points by
moving only in the Z-axis direction, required 1510 s to process 993,600
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Surfacel Surface2 Surface3 Surface4 Surfaces
0.5 ym
Surface
form )
0.0 pm
0.1 pm
B
Fitting
error
-0.1 pm <o) SR
PV (um) 0.023 0.001 0.002 0.003
RMS (pm) 0.004 0.000 0.000 0.000
Fig. 23. Correction surfaces and fitting errors obtained when calculating the XY polynomial fitting coefficients for each surface.
Table 7
Fitted coefficients of correction surfaces for multi-surface machining.
Surfacel Surface2 Surface3 Surface4 Surface5
Co (m=0,n=0) —0.049924266524 —0.099997885062 —0.149987053353 —0.199995579603 —0.249984635490
C (1,0 0.000000000000 0.000000063551 0.000000000000 —0.000000262422 0.000000000000
C, (0, 1) —0.004373052655 —0.004362457088 —0.004375832465 —0.004359776892 —0.004382614955
C3(2,0) 0.001227518549 0.001098696990 0.001644130623 0.002202267951 0.002741105039
Cs(1,1) 0.000000000000 —0.000000177290 0.000000000000 0.000000355217 0.000000000000
Cs (0, 2) 0.001228069560 0.001096291182 0.001649902777 0.002192576961 0.002755940738
Ce (3,0) 0.000000000000 —0.000000000824 0.000000000000 0.000000003611 0.000000000000
C,(2,1) 0.000000033396 —0.000000005848 0.000000173629 —0.000000029938 —0.000000552718
Cg(1,2) 0.000000000000 0.000000081714 0.000000000000 —0.000000327492 0.000000000000
Co (0, 3) 0.000000103539 —0.000000017631 0.000000073196 —0.000000064050 0.000000095963
Ci0 (4,0) —0.000009875886 —0.000004029366 —0.000005988121 —0.000008129002 —0.000009985182
Cii (31 0.000000000000 0.000000001242 0.000000000000 —0.000000002506 0.000000000000
Ci12(2,2) —0.000000019225 —0.000000002117 —0.000000005028 —0.000000008486 —0.000000012865
Ci3(1,3) 0.000000000000 0.000000000175 0.000000000000 —0.000000000339 0.000000000000
C14 (0, 4) —0.000009885278 —0.000003993942 —0.000006070581 —0.000007986456 —0.000010205812
Cis (4, 1) 0.000000001029 0.000000000002 —0.000000001277 0.000000000055 0.000000003671
Ci17 (3, 2) 0.000000000000 —0.000000000486 0.000000000000 0.000000001951 0.000000000000
Ci5 (2, 3) —0.000000001573 0.000000000046 —0.000000001008 0.000000000197 0.000000003332
Cio (1,4 0.000000000000 —0.000000000573 0.000000000000 0.000000002295 0.000000000000
Cy (0, 5) 0.000000000161 0.000000000104 —0.000000000063 0.000000000366 0.000000000108
Ca; (6, 0) 0.000000029317 0.000000005861 0.000000008480 0.000000012109 0.000000014127
Ca3 (4, 2) 0.000000000189 0.000000000018 0.000000000023 0.000000000072 0.000000000059
Cas (2, 4) 0.000000000228 0.000000000010 0.000000000042 0.000000000039 0.000000000111
Cy (1, 5) 0.000000000000 —0.000000000001 0.000000000000 0.000000000002 0.000000000000
Cy7 (0, 6) 0.000000029387 0.000000005661 0.000000008937 0.000000011305 0.000000015381
Cag (6, 1) —0.000000000007 0.000000000000 0.000000000002 0.000000000000 —0.000000000007
Cs1 (4, 3) 0.000000000003 0.000000000000 0.000000000007 0.000000000000 —0.000000000020
C32(3,4) 0.000000000000 0.000000000003 0.000000000000 —0.000000000012 0.000000000000
Cs3 (2, 5) 0.000000000007 0.000000000000 0.000000000001 0.000000000000 —0.000000000003
Cs6 (8, 0) —0.000000000034 —0.000000000004 —0.000000000005 —0.000000000009 —0.000000000009
Css (6, 2) —0.000000000001 0.000000000000 0.000000000000 0.000000000000 0.000000000000
Ca44 (0, 8) —0.000000000034 —0.000000000003 —0.000000000006 —0.000000000007 —0.000000000012

points. In contrast, the proposed machining program used a linear
regression model to correct points by moving in both the x- and z-axis
directions; as a result, the correction surfaces for approximately 10
million points were computed in 4s, which is roughly ten times the
number of points used in the conventional method. In multi-surface
machining, the computation time increases proportionally with the
number of optical surfaces. Nevertheless, the total time required to
calculate the correction surfaces for all five optical surfaces was only
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19s, representing a 98.7% reduction in computation time compared
with the conventional method.

The proposed machining program requires fitting of the XY poly-
nomial to each corrected surface. Fig. 23 shows the fitting results for
each correction surface. The fitting error directly affects the post-
machining form error; however, the maximum PV and RMS values of
the fitting error were 0.023 and 0.004 pm, respectively, confirming that
the surface fitting was achieved with extremely high precision. The
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Fig. 24. (a) Overview of the machined surface and (b) reflected camera images of each freeform surface. Edge observation images of each freeform surface machined
using the (c¢) conventional and (b) proposed machining programs. Comparison of S5 surface machined using the (e) conventional and (f) proposed

machining programs.

resulting fitted coefficients of the XY polynomial for each correction
surface are presented in Table 7. In the proposed machining program,
the sum of the fitted coefficients (Table 7) and the original design co-
efficients (Table 6) is loaded as the corrected input for machining.

4.4. Surface topography results

The machine used in this experiment was the same as that in the
basic cutting experiment (Section 3.3), and the specifications of the
diamond tool and machining conditions were the same as those listed in
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Tables 3 and 4

Fig. 24 shows the machined surface images obtained by multi-
surface machining. The optical surfaces are denoted as S1, S2, S3, S4,
and S5. Fig. 24(a) shows an overall image of the machined sample, and
Fig. 24(b) shows reflected camera images of each optical surface pho-
tographed from directly above. As shown in the designed surface in
Fig. 19, higher-order optical surfaces were designed with larger height
differences and greater curvature variations in the freeform geometry.
The top-view images of the actual machined surfaces confirmed that the
reflected camera image became significantly more distorted as the
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Fig. 25. Measurement areas and positions for (a) a single freeform surface and (b) the overall multi-surface layout.

curvature of the freeform surface increased, as shown in Fig. 24(b).

Additionally, Fig. 24(c) and (d) show images of the edges of each
machined optical surface produced using the conventional bilinear
interpolation method and the proposed direct-calculation machining
program, respectively. The edge observation areas on each surface are
indicated by green dotted lines in Fig. 24(a). As shown in Fig. 24(c),
striped patterns appeared in the reflected camera images of the optical
freeform surfaces machined using the conventional machining program.
These stripe patterns, caused by interpolation errors in the point cloud
surface definition, became increasingly distinct as the surface number
increased and the curvature grew larger. In contrast, as shown in Fig. 24
(d), no such striped patterns appeared on the surfaces machined using
the proposed machining program. This is because the actual design
equation was evaluated during machining rather than approximating
the design surface with a point cloud, resulting in a smooth surface free
from stripe-pattern interpolation errors. A comparison of the S5 surfaces
shown in Fig. 24(e) and (f) highlights the differences between the two
programs. The surface in Fig. 24(e), machined using the conventional
bilinear interpolation program, exhibits a pronounced overall stripe
pattern. In contrast, the surface in Fig. 24(f), machined using the pro-
posed program, exhibits a smooth mirror finish without any stripe pat-
terns. Lenses exhibiting visible stripe patterns are unsuitable for
practical use, and the comparison of machined surface images clearly
demonstrates that the proposed machining program is highly effective in
resolving this problem.

4.5. Form error evaluation

The profiles of each optical surface were measured using a white-
light interferometer, and the form errors were evaluated by aligning
the measured data to the ideal profile. The measurement locations on
each optical surface are shown in Fig. 25. The analyzed form error maps
are shown in Fig. 26, where Fig. 26(a) shows the results for Surface 1.
The form error maps reveal no significant differences between the
conventional and proposed machining programs. The maximum PV
values were 0.159 and 0.150 pm, respectively, a difference of only
0.009 pm, and the RMS values for both were 0.010 pm, indicating that
Surface 1 achieved comparable machining accuracy with both methods.
Surface 1 was the only surface positioned at the center of the workpiece,
unlike the other four surfaces. As shown in Fig. 6, the constant-angle
point cloud placement method produces higher point density near the
center. Therefore, high-precision machining with small interpolation
errors can be achieved near the center using point cloud-based
machining programs. Because both methods performed high-precision
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machining near the center, similar results were obtained for Surface 1.

Fig. 26(b), (), 26(d), and 26(e) show the form error analysis results
for Surfaces 2, 3, 4, and 5, respectively. Unlike Surface 1, the form errors
of surfaces machined using the conventional bilinear interpolation
program exhibited a linear pattern. This is attributed to interpolation
errors, as these four surfaces were located at the outer periphery of the
workpiece, where the point cloud density is lower than that of the
central region. In contrast, the surfaces machined using the proposed
machining program did not exhibit such characteristic error patterns.
This is because the proposed method defines the surface directly from
the design equation rather than from point cloud data, thereby avoiding
the characteristic interpolation error patterns inherent in point cloud-
based machining and enabling high-precision machining.

The PV and RMS form error values are summarized as bar graphs for
each surface and distance from the workpiece center in Fig. 27, where
Fig. 27(a) and (b) show the PV and RMS values for each surface,
respectively. With the conventional bilinear interpolation method, the
average PV and RMS values increased proportionally with the surface
index, because surfaces with higher indices exhibit greater height vari-
ations and increased curvature. As illustrated in Fig. 28, regions of high
curvature result in large elevation differences between adjacent points,
thereby producing larger interpolation errors. In contrast, the proposed
method exhibited minimal variation in the average PV and RMS values
across all machined surfaces, demonstrating stable machining accuracy
independent of surface curvature and clearly outperforming the con-
ventional interpolation approach. For Surface 5, which exhibited the
highest curvature, the proposed method reduced the average PV and
RMS values by 32.8% and 58.7%, respectively, compared with the
conventional bilinear interpolation method. Unlike the conventional
method, in which machining accuracy degrades with increasing surface
curvature, the proposed method was confirmed to be free from curva-
ture dependency.

Fig. 27(c) and (d) show the PV and RMS form error values summa-
rized as bar graphs with respect to the distance from the workpiece
center. With the conventional method, the average PV and RMS values
increased proportionally with the distance from the center, whereas the
proposed method showed only minor variations. This trend in the con-
ventional method arises because the point cloud density decreases with
increasing distance from the workpiece center, resulting in deteriorating
form accuracy toward the outer regions, as indicated in Fig. 27(c) and
(d). In contrast, the machining accuracy of the proposed method did not
exhibit such dependence on point cloud density, as the surface geometry
was defined directly by the design equation rather than by discrete point
clouds. At a distance of 65.196 mm from the center, the farthest of the
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Fig. 26. Evaluated form error results of (a) S1, (b) S2, (c) S3, (d) S4, and (e) S5 surfaces machined using the conventional machining program with point cloud data
and the proposed machining program with coefficient data.
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Fig. 26. (continued).

three evaluated distances, the proposed method reduced the average PV
and RMS values by 34.8% and 58.4%, respectively, compared with the
conventional bilinear interpolation method. These results demonstrate
that the proposed method enables high-precision, stable machining
irrespective of the machining location.

5. Conclusions

A novel machining program that directly evaluates the design
equation during machining was proposed to suppress form errors caused
by interpolation errors in conventional point cloud-based programs
using bilinear interpolation. The effectiveness of the proposed method
was verified through cutting experiments. The main conclusions of this
study are summarized below.

(1) An XY polynomial equation was adopted to define the proposed
machining program. This equation is widely used in the design of
freeform optical surfaces and can express various complex free-
form surfaces by adjusting the coefficients. It is also advantageous
from the perspective of optical surface machining because sur-
faces can be easily combined, expanded, and scaled.
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(2)

3

(4

—

()

A fast and accurate fitting method based on the XY polynomial
equation was developed by applying a pseudoinverse matrix and
coordinate normalization. By applying this method to the cor-
rected point cloud data corresponding to the tool radius, the co-
efficients can be compensated from their original design values.
Tool radius compensation was conducted for both the conven-
tional and proposed machining programs. The calculation times
for tool radius compensation using the conventional machining
program were 1440 s and 1510 s for the single- and multi-surface
experiments, respectively, whereas those for the proposed
machining program were less than 5s for a single freeform sur-
face and 19 s for five freeform surfaces.

Radial patterns were observed on the surfaces machined using the
conventional machining program. In contrast, the surfaces
machined using the proposed machining program did not exhibit
such characteristic patterns and showed a smooth mirror finish.
The form error evaluation results for single freeform surface
machining clearly demonstrate the effectiveness of the proposed
machining program. Compared with the conventional machining
program, the proposed method reduced the PV and RMS form
errors by 62.4% and 75.7%, respectively.
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Fig. 28. Schematic illustrating the correlation between design surface curvature and interpolation error.
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(6) A multi-surface machining experiment was conducted, and the
proposed machining program was confirmed to achieve stable,
high-precision machining regardless of the machining location or
surface curvature.

The proposed machining program differs fundamentally from con-
ventional point cloud-based approaches in that the optical design
equation is directly evaluated during machining, eliminating the need
for discrete point cloud representations. The proposed method achieved
superior form accuracy by replacing a point cloud consisting of 993,600
points with only 20 coefficients. Because the proposed machining pro-
gram is not subject to point cloud number limitations, its advantage
becomes increasingly significant as the workpiece size increases. This
approach offers an effective solution for manufacturing complex and
large freeform surfaces with high form accuracy and efficiency. Further
investigation, including validation against different interpolation stra-
tegies and optimized point cloud approaches, will be conducted in future
work.
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